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Attempt any four questions. All questions carry equal marks.

1. Describe all symmetries of the following pictures.

Write Cayley’s table for each of the corresponding two symmetric groups. Further,
find order of each element in the two symmetric groups. If F and R represent a fixed
reflection and a fixed rotation respectively in any of the two groups, then find
FR'FRF . Find the center&(each of the.two groups. Explain whether the groups are

abelian. K\Q

2. Show that the set @}elements of finite order in an abelian group is a subgroup of
the group. Cons he following group under matrix multiplication.
GL(2,Z, @{ |A is.a 2-X 2 matrix with entries from Z, and determinant |A| # 0}
Write |GL(2,Z,)|. Let
H = {A € GL(2,Z,)|A* = A, where A denotes the transpose matrix of A }

Is H a subgroup-of GL(2,Z,) ? Justify! Compute order of the element [1 é] in

GL(2,Z,). Explain without actual calculation why there is no element in GL(2,Z,) of
order 6.

3. Let S, and Ss denote symmetric groups of degree 4 and 5 respectively. What is the
order of the permutation o = (1245)(314) in Ss? Find a™. Is the permutation o even?
Give an element B of order 4 in S4. Write all the elements of the cyclic group
generated by B. Let H = {a€Ss: a(2) = 2} and K = {0e€S4: a(4) = 4}. Prove that H is
isomorphic to K.

4. Let Z be the additive group of integers. Let H = {0,+5,+10,+15,...}. Find all the
left cosets of H in Z. What is the index of H in Z? Find all the subgroups of Z;s the
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group of integers under addition modulo 15. Also write down all their generators.
Show that U(25) is a cyclic group under multiplication modulo 25. Find all its
generators.

5. IfGisagroup, N anormal subgroup of G and H any subgroup of G, show that
(i) NH is a subgroup of G,
(i1) HN is a subgroup of G,
(ii1) N is a normal subgroup of HN.

If G = GL (2,R) and H ={(X

0 S) :X,y € Randxy # 0} , check whether H is a

normal subgroup of G.

6. Find all homomorphism mappings from Zj to Z4. If @ : Z;, = Z,, is defined as
@©(x) = 9x VX € Z,,, prove that ¢ is a homomorphism. Find its kernel.
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